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COMBINATORIAL CONGRUENCES
AND STIRLING NUMBERS
Zhi-Wei Sun (Nanjing)
Abstract. In this paper we obtain some sophisticated combinatorial con-
gruences involving binomial coefficients and confirm two conjectures of the
author and Davis. They are closely related to our investigation of the pe-
riodicity of the sequence
Pl
j=0
`
l
j
´
S(j,m)al−j (l = m,m+ 1, . . . ) modulo
a prime p, where a and m > 0 are integers, and those S(j,m) are Stirling
numbers of the second kind. We also give a new extension of Glaisher’s
congruence by showing that (p − 1)p⌊logp m⌋ is a period of the sequenceP
j≡r (mod p−1)
`
l
j
´
S(j,m) (l = m,m+ 1, . . . ) modulo p.
1. Introduction
In a recent paper of the author and D. M. Davis [SD] originally moti-
vated by the study of homotopy exponents of the special unitary group
SU(n), the following sophisticated theorem was established.
Theorem 1.0 (Sun and Davis). Let p be a prime, and let α, n ∈ N =
{0, 1, . . .} and r ∈ Z. Then, for any f(x) ∈ Z[x], we have
ordp
( ∑
k≡r (mod pα)
(−1)k
(
n
k
)
f
(
k − r
pα
))
>ordp
(⌊
n
pα−1
⌋
!
)
− deg f + τp({r}pα−1 , {n− r}pα−1),
(1.0)
where ordp(a) = sup{m ∈ N : p
m | a} is the p-adic order of a ∈ Z,
{a}pα−1 stands for the least nonnegative residue of a modulo p
α−1 (and
this is regarded as 0 if α = 0), and for a, b ∈ N we use τp(a, b) to denote
the number of carries occurring in the addition of a and b in base p.
Let p be a prime. By a well-known fact in number theory (cf. [IR,
p. 26]),
ordp(n!) =
∞∑
i=1
⌊
n
pi
⌋
for every n = 0, 1, 2, . . . .
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A useful theorem of E. Kummer asserts that if a, b ∈ N then
ordp
(
a+ b
a
)
=
∞∑
i=1
(⌊
a+ b
pi
⌋
−
⌊
a
pi
⌋
−
⌊
b
pi
⌋)
= τp(a, b).
In this paper we will apply Theorem 1.0 to deduce three theorems on
combinatorial congruences or Stirling numbers of the second kind.
For l,m ∈ N with l +m > 0, the Stirling number S(l,m) of the second
kind denotes the number of ways to partition a set of cardinality l into m
nonempty subsets; in addition, we define S(0, 0) to be 1. It is well known
that
xl =
l∑
j=0
S(l, j)(x)j for l = 0, 1, 2, . . . ,
where (x)j =
∏
06i<j(x− i) and an empty product has the value 1 (thus
(x)0 = 1).
Here is our first theorem.
Theorem 1.1. Let p be any prime. Let a ∈ Z, l, l′, m ∈ Z+ = {1, 2, . . .},
l′ > l > m/p and
l′ ≡ l
(
mod (p− 1)p⌊logpm⌋−δp(a,m)
)
, (1.1)
where
δp(a,m) =
{
1 if a ∈ pZ and logpm ∈ Z
+,
0 otherwise.
(1.2)
Then we have
l′∑
j=0
(
l′
j
)
S(j,m)al
′−j ≡
l∑
j=0
(
l
j
)
S(j,m)al−j (mod p). (1.3)
Corollary 1.1. Let p be a prime, and let a ∈ Z and m ∈ Z+. Then, for
k = m+ (p− 1)p⌊logpm⌋−δp(a,m)q with q ∈ N, we have
k∑
j=0
(
k
j
)
S(j,m)ak−j ≡ 1 (mod p).
Proof. Just apply Theorem 1.1 with l = m and l′ = k. 
Remark 1.1. Note that if p is a prime and m is a positive integer then
m− (p− 1)p⌊logpm⌋ < m/p.
The following result was first obtained by L. Carlitz [C] in 1955. (See
also A. Nijenhuis and H. S. Wilf [NW], and Y. H. H. Kwong [K].)
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Corollary 1.2. Let p be any prime. Suppose that α,m ∈ N, m > p and
pα < m 6 pα+1. Then pα(p− 1) is a period of the sequence {S(l,m)}l>m
modulo p.
Proof. It suffices to apply Theorem 1.1 with a = 0. 
The sum
∑
k≡r (mod m)
(
n
k
)
with m ∈ Z+, n ∈ N and r ∈ Z has been
investigated intensively, see [S] for some historical background and related
congruences. In 1899 J.W.L. Glaisher (cf. [D, p. 271] and [ST]) proved
that ∑
j≡r (mod p−1)
(
l′
j
)
≡
∑
j≡r (mod p−1)
(
l
j
)
(mod p)
whenever p is a prime, r ∈ Z, l′, l ∈ Z+ and l′ ≡ l (mod p − 1). Clearly
Glaisher’s congruence is our following result in the case m = 1.
Corollary 1.3. Let p be a prime, m ∈ Z+ and r ∈ Z. For any l′, l ∈ Z+
with l′ > l > m/p and
l′ ≡ l
(
mod (p− 1)p⌊logpm⌋
)
,
we have
∑
j≡r (mod p−1)
(
l′
j
)
S(j,m) ≡
∑
j≡r (mod p−1)
(
l
j
)
S(j,m) (mod p). (1.4)
Our second theorem is slightly stronger than Conjecture 1.3 of the au-
thor and Davis [SD] which was proved in [SD] when p = 2 and r = 0.
Theorem 1.2. Let p be a prime, and let α, l, n ∈ N and r ∈ Z. Set
r∗ = {r}pα, n∗ = r∗ + {n− r}pα and
m =
n− n∗
pα
=
⌊
r
pα
⌋
+
⌊
n− r
pα
⌋
. (1.5)
Suppose that l > m > 0 and
l ≡ m
(
mod (p− 1)p⌊logpm⌋−δp(⌊r/p
α⌋,m)
)
, (1.6)
where the notation δp(a,m) is given by (1.2). Then we have
1
⌊n/pα⌋!
(
n∗
r∗
) ∑
k≡r (mod pα)
(−1)k
(
n
k
)(
k − r
pα
)l
≡ (−1)l+r∗ (mod p). (1.7)
Remark 1.2. Theorem 1.2 implies that the inequality in Theorem 5.1 of
[DS] is sharp for infinitely many values of l provided that n > 2pα − 1.
Our third theorem confirms Conjecture 1.1 of [SD].
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Theorem 1.3. Let p be any prime, and let α ∈ Z+, l, n ∈ N and r ∈ Z.
Then
1
⌊n/pα−1⌋!
∑
k≡r (mod pα)
(−1)k
(
pn
pk
)(
k − r
pα−1
)l
≡
1
⌊n/pα−1⌋!
∑
k≡r (mod pα)
(−1)k
(
n
k
)(
k − r
pα−1
)l
(mod pap),
(1.8)
where
ap =


1 if p = 2,
2 if p = 3,
3 if p > 3.
(1.9)
Remark 1.3. Let p be a prime, α, n ∈ N and r ∈ Z. When pα > n and l =
0 6 r 6 n, (1.8) reduces to Ljunggren’s congruence
(
pn
pr
)
≡
(
n
r
)
(mod pap)
(cf. [G]) which is an extension of the Wolstenholme congruence
(
2p
p
)
≡
2 (mod pap) (i.e.,
(
2p−1
p−1
)
≡ 1 (mod pap)). Note also that (1.8) holds for
every l ∈ N if and only if we have(
pn
pr
)
f, pα+1
≡
(
n
r
)
f, pα
(mod pap) (1.10)
for all f(x) ∈ Z[x], where(
n
r
)
f, pα
=
pdeg f
⌊n/pα−1⌋!
∑
k≡r (mod pα)
(−1)k
(
n
k
)
f
(
k − r
pα
)
∈ Zp. (1.11)
(As usual, Zp denotes the ring of p-adic integers.)
Concerning the right-hand side of the congruence (1.8), a Lucas-type
congruence modulo p was established in [SD] for α > 1 (and in [SW] for
α = 1). See also [SW] for some other congruences of Lucas’ type related
to combinatorial sums involving binomial coefficients.
In the next section we are going to prove Theorem 1.1 and Corollary
1.3. On the basis of Theorem 1.1 we will deduce Theorem 1.2 in Section
3. Section 4 is devoted to our proof of Theorem 1.3.
2. Proofs of Theorem 1.1 and Corollary 1.3
Proof of Theorem 1.1. By a well-known property of Stirling numbers of
the second kind (cf. [LW, pp. 125–126]),
l∑
j=0
(
l
j
)
al−jS(j,m) =
l∑
j=0
(
l
j
)
al−j
1
m!
m∑
k=0
(−1)m−k
(
m
k
)
kj
=
1
m!
m∑
k=0
(−1)m−k
(
m
k
)
(a+ k)l = (−1)m
p−1∑
r=0
Sr(l),
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where
Sr(l) =
1
m!
∑
k≡r (mod p)
(−1)k
(
m
k
)
(a+ k)l. (2.1)
Let r ∈ {0, . . . , p− 1}. Observe that
Sr(l) =
1
m!
∑
k≡r (mod p)
(−1)k
(
m
k
) l∑
j=0
(
l
j
)
pj
(
k − r
p
)j
(a+ r)l−j
=
l∑
j=0
(
l
j
)
(a+ r)l−j
pj
m!
∑
k≡r (mod p)
(−1)k
(
m
k
)(
k − r
p
)j
.
By Theorem 1.0, for any j ∈ N we have
σr(j) :=
pj
m!
∑
k≡r (mod p)
(−1)k
(
m
k
)(
k − r
p
)
j
∈ Zp (2.2)
and
pj
m!
∑
k≡r (mod p)
(−1)k
(
m
k
)((
k − r
p
)j
−
(
k − r
p
)
j
)
≡ 0 (mod p)
since the degree of fj(x) = x
j − (x)j ∈ Z[x] is smaller than j. Therefore,
Sr(l) ≡
l∑
j=0
(
l
j
)
(a+ r)l−jσr(j) (mod p). (2.3)
In view of the above, it suffices to show that
(
l′
j
)
(a+ r)l
′−jσr(j) ≡
(
l
j
)
(a+ r)l−jσr(j) (mod p) (2.4)
for every j = 0, 1, . . . .
Below we assume j ∈ N and σr(j) 6= 0. Then ((k − r)/p)j 6= 0 for
some 0 6 k 6 m with k ≡ r (mod p), hence m − r > k − r > pj and
j 6 m/p < l 6 l′. If p | a+ r, then
(a+ r)l
′−j ≡ 0 ≡ (a+ r)l−j (mod p).
When p ∤ a+ r, as l′ ≡ l (mod p− 1) we have
(a+ r)l
′−j ≡ (a+ r)l−j (mod p)
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by Fermat’s little theorem. So it remains to show
(
l′
j
)
≡
(
l
j
)
(mod p) in
the case p ∤ a+ r.
Let α = ⌊logpm⌋. Then p
α 6 m < pα+1 and δ = δp(a,m) 6 α. Write
l = pα−δq0 + l0 with q0 ∈ N and 0 6 l0 < p
α−δ. For some q ∈ N we
have l′ = l + (p − 1)pα−δq = pα−δ((p − 1)q + q0) + l0. Recall that j 6
(m−r)/p < pα. Suppose a+r 6≡ 0 (mod p). If δ = 1, then j < m/p = pα−1
because m = pα and r 6= {−a}p = 0. Thus j < p
α−δ. With help of the
Chu-Vandermonde convolution identity (cf. [GKP, (5.27)]),
(
l
j
)
−
(
l0
j
)
=
∑
0<i6j
(
pα−δq0
i
)(
l0
j − i
)
=
∑
0<i6j
pα−δ
i
q0
(
pα−δq0 − 1
i− 1
)(
l0
j − i
)
≡ 0 (mod p).
Similarly,
(
l′
j
)
≡
(
l0
j
)
(mod p) as desired. We are done. 
Proof of Corollary 1.3. Let g be a primitive root modulo p. For any integer
h, if p − 1 | h then
∑p−1
a=1 a
h ≡ p − 1 ≡ −1 (mod p) by Fermat’s little
theorem; if p− 1 ∤ h then gh 6≡ 1 (mod p) and hence
∑p−1
a=1 a
h ≡ 0 (mod p)
since
(gh − 1)
p−1∑
a=1
ah =
p−1∑
a=1
(ag)h −
p−1∑
a=1
ah ≡ 0 (mod p).
In view of the above,
p−1∑
a=1
ar−l
l∑
j=0
(
l
j
)
S(j,m)al−j
=
l∑
j=0
(
l
j
)
S(j,m)
p−1∑
a=1
ar−j
≡−
∑
j≡r (mod p−1)
(
l
j
)
S(j,m) (mod p).
Similarly,
p−1∑
a=1
ar−l
′
l′∑
j=0
(
l′
j
)
S(j,m)al
′−j ≡ −
∑
j≡r (mod p−1)
(
l′
j
)
S(j,m) (mod p).
Since l′ ≡ l (mod p−1), ar−l
′
≡ ar−l (mod p) for all a = 1, . . . , p−1. Thus,
applying Theorem 1.1 we immediately obtain (1.4) from the above. 
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3. Proof of Theorem 1.2
At first we make some useful observations. Clearly
m 6
n− r∗
pα
=
n− r
pα
+
⌊
r
pα
⌋
< 1 +
⌊
n− r
pα
⌋
+
⌊
r
pα
⌋
= m+ 1.
Since
τp({r}pα , {n− r}pα)− τp({r}pα−1 , {n− r}pα−1) =
{
1 if n∗ > p
α,
0 otherwise,
we also have
ordp
(
n∗
r∗
)
− τp({r}pα−1 , {n− r}pα−1) =
⌊
n∗
pα
⌋
=
⌊
n
pα
⌋
−m. (3.1)
Let a = −⌊r/pα⌋, k ∈ {0, . . . , n} and k ≡ r (mod pα). Then
(
k − r
pα
)l
=
(
k − r∗
pα
+ a
)l
=
l∑
j=0
(
l
j
)
al−j
(
k − r∗
pα
)j
=
l∑
j=0
(
l
j
)
al−j
j∑
i=0
S(j, i)
(
k − r∗
pα
)
i
=
l∑
j=0
(
l
j
)
al−j
m∑
i=0
S(j, i)
(
k − r∗
pα
)
i
,
because for i > m + 1 we have i > (n − r∗)/p
α > (k − r∗)/p
α and hence
((k − r∗)/p
α)i = 0.
Observe that
ordp
(⌊
n
pα−1
⌋
!
)
=
⌊
n
pα
⌋
+
∑
s>α
⌊
n
ps
⌋
=
⌊
n
pα
⌋
+ ordp
(⌊
n
pα
⌋
!
)
.
If i ∈ {0, . . . , m− 1}, then by Theorem 1.0 and (3.1) we have
ordp
( ∑
k≡r∗ (mod pα)
(−1)k
(
n
k
)(
k − r∗
pα
)
i
)
>ordp
(⌊
n
pα−1
⌋
!
)
− i+ τp({r∗}pα−1 , {n− r∗}pα−1)
>ordp
(⌊
n
pα
⌋
!
)
+
⌊
n
pα
⌋
−m+ τp({r}pα−1 , {n− r}pα−1)
=ordp
(⌊
n
pα
⌋
!
(
n∗
r∗
))
.
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Therefore,
1
⌊n/pα⌋!
(
n∗
r∗
) ∑
k≡r (mod pα)
(−1)k
(
n
k
)(
k − r
pα
)l
≡
l∑
j=0
(
l
j
)
S(j,m)al−j
⌊n/pα⌋!
(
n∗
r∗
) ∑
k≡r (mod pα)
(−1)k
(
n
k
)(
k − r∗
pα
)
m
(mod p).
In light of Corollary 1.1, it remains to show that S ≡ (−1)l+r∗ (mod p),
where
S =
1
⌊n/pα⌋!
(
n∗
r∗
) ∑
k≡r∗ (mod pα)
(−1)k
(
n
k
)(
k − r∗
pα
)
m
. (3.2)
If k ∈ {0, . . . , n}, k ≡ r∗ (mod p
α) and ((k − r∗)/p
α)m 6= 0, then
m 6
k − r∗
pα
6
n− r∗
pα
< m+ 1
and hence k = mpα + r∗. So
S =
(−1)mp
α+r∗
⌊n/pα⌋!
(
n∗
r∗
)
(
n
mpα + r∗
)
(m)m =
(−1)mp
α+r∗m!
(m+ ⌊n∗/pα⌋)!
×
(
mpα+n∗
mpα+r∗
)
(
n∗
r∗
) .
Clearly (
mpα+n∗
mpα+r∗
)
(
n∗
r∗
) =(mpα + n∗)!/(mpα + r∗)!
n∗!/r∗!
=
∏
0<i6n∗
(
1 +m
pα
i
)/ ∏
0<j6r∗
(
1 +m
pα
j
)
.
Thus, if n∗ < p
α then (
mpα+n∗
mpα+r∗
)
(
n∗
r∗
) ≡ 1 (mod p);
if n∗ > p
α then ⌊n∗/p
α⌋ = 1 and
(
mpα+n∗
mpα+r∗
)
(m+ 1)
(
n∗
r∗
) = ∏
0<i6n∗
i6=pα
(
1 +m
pα
i
)/ ∏
0<j6r∗
(
1 +m
pα
j
)
≡ 1 (mod p).
Therefore,
S ≡ (−1)mp
α+r∗ ≡ (−1)m+r∗ ≡ (−1)l+r∗ (mod p).
This concludes the proof of Theorem 1.2.
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4. Proof of Theorem 1.3
For i, k ∈ N let δi,k be the Kronecker symbol which takes 1 or 0 accord-
ing to whether i = k or not. Since
δi,k =
(
k
i
)∑
j>i
(−1)j−i
(
k − i
j − i
)
=
∑
j>i
(−1)j−i
(
k
j
)(
j
i
)
,
we have
(−1)(p−1)r
∑
k≡r (mod pα)
(−1)k
(
pn
pk
)(
k − r
pα−1
)l
=
∑
k≡r (mod pα)
(−1)pk
(
pn
pk
)(
k − r
pα−1
)l
=
n∑
k=0
(−1)pk
(
pn
pk
) ∑
i≡r (mod pα)
(
i− r
pα−1
)l
δi,k
=
n∑
k=0
(−1)pk
(
pn
pk
) ∑
i≡r (mod pα)
(
i− r
pα−1
)l∑
j>i
(−1)j−i
(
k
j
)(
j
i
)
=
n∑
j=0
(−1)jCn,j
∑
i≡r (mod pα)
(−1)i
(
j
i
)(
i− r
pα−1
)l
,
where
Cn,j =
n∑
k=0
(−1)pk
(
pn
pk
)(
k
j
)
=
∑
k≡0 (mod p)
(−1)k
(
pn
k
)(
k/p
j
)
.
As Cn,n = (−1)
pn, by the above
(−1)(p−1)r
∑
k≡r (mod pα)
(−1)k
(
pn
pk
)(
k − r
pα−1
)l
− (−1)(p−1)n
∑
i≡r (mod pα)
(−1)i
(
n
i
)(
i− r
pα−1
)l
=
∑
06j<n
(−1)jCn,j
∑
i≡r (mod pα)
(−1)i
(
j
i
)(
i− r
pα−1
)l
.
Note that (−1)(p−1)n ≡ (−1)(p−1)r (mod pap). In view of Theorem 1.0,
ordp
( ∑
i≡r (mod pα)
(−1)i
(
j
i
)(
i− r
pα−1
)l)
> ordp
(⌊
j
pα−1
⌋
!
)
=
∞∑
s=α
⌊
j
ps
⌋
.
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So it suffices to show that
ordp(Cn,j) > ap+ordp
(⌊
n
pα−1
⌋
!
)
−
∞∑
s=α
⌊
j
ps
⌋
= ap+
∞∑
s=α
(⌊
n
ps
⌋
−
⌊
j
ps
⌋)
for any j ∈ N with j < n.
Fix a nonnegative integer j < n. In light of Theorem 1.0,
ordp(j!Cn,j) > ordp
(⌊
pn
p1−1
⌋
!
)
− j =
∞∑
s=0
⌊
n
ps
⌋
− j.
By Lemma 3.2 of [SD] and its proof, Cn,j is congruent to
n∑
k=0
(−1)k
(
n
k
)(
k
j
)
= (−1)j
(
n
j
)∑
k>j
(−1)k−j
(
n− j
k − j
)
= 0
modulo p2ordp(n)+ap . In the case p > 3, by Jacobsthal’s result (cf. [G]), if
k ∈ {1, . . . , n}, then
(
pn
pk
)/(
n
k
)
= 1 + p3nk(n− k)qk
for some qk ∈ Zp, and hence
(
pn
pk
)
−
(
n
k
)
=
(
n
k
)
p3nk(n− k)qk = p
3n2(n− 1)
(
n− 2
k − 1
)
qk.
So we also have ordp(Cn,j) > ordp(n− 1)+3 when p > 3. These facts will
be used in the following discussion.
Case 1. n− j > ap.
In this case,
ordp(Cn,j) >
∞∑
s=0
⌊
n
ps
⌋
− j − ordp(j!) =
∞∑
s=0
(⌊
n
ps
⌋
−
⌊
j
ps
⌋)
=n− j +
∞∑
s=1
(⌊
n
ps
⌋
−
⌊
j
ps
⌋)
>ap +
∞∑
s=α
(⌊
n
ps
⌋
−
⌊
j
ps
⌋)
.
Case 2. 0 < n− j < ap 6 3, and p | n or j 6= n− 2.
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If β = ordp(n) > 0, then n− j < ap < p 6 p
β and hence
⌊
n
pβ+1
⌋
=
⌊
n/pβ
p
⌋
=
⌊
n/pβ − 1
p
⌋
=
⌊
⌊j/pβ⌋
p
⌋
=
⌊
j
pβ+1
⌋
,
therefore
∞∑
s=α
(⌊
n
ps
⌋
−
⌊
j
ps
⌋)
=
∑
α6s6β
(
n
ps
−
⌊
j
ps
⌋)
6
∑
α6s6β
1 < 2β = 2ordp(n) 6 ordp(Cn,j)− ap.
When β = ordp(n) = 0 (i.e., p ∤ n) and j = n− 1, we have
∞∑
s=α
(⌊
n
ps
⌋
−
⌊
j
ps
⌋)
= 0 = 2ordp(n) 6 ordp(Cn,j)− ap.
Case 3. n− j = 2 < ap and p ∤ n.
In this case, ap = 3 < p and
ordp(Cn,j)− ap >ordp(n− 1) >
∑
α6s6ordp(n−1)
(
n− 1
ps
−
⌊
n− 2
ps
⌋)
=
∞∑
s=α
(⌊
n− 1
ps
⌋
−
⌊
n− 2
ps
⌋)
=
∞∑
s=α
(⌊
n
ps
⌋
−
⌊
j
ps
⌋)
.
Combining the above we have completed the proof of Theorem 1.3.
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